In this paper, we consider the dynamics of a global supply chain network economy in the presence of risk and uncertainty in which distinct speeds of adjustment are included.
approaches that are able to capture the operational as well as the financial aspects of such decision-making.
In addition, it is imperative to be able to address dynamic issues since not only does the speed of the Internet allow for transactions to be conducted across the globe but such transactions can occur very rapidly. Moreover, it is important to recognize and capture distinct speeds associated with the decision-makers' transactions. In 1939, Hicks in his classic work took the first steps towards the integration of comparative statics and dynamic economics. Samuelson (1941) , subsequently, in a pioneering article presented the first complete synthesis of dynamics and comparative statics and demonstrated the importance of dynamic economics in the analysis of equilibrium. In these publications, as well as in numerous studies that followed (see, e.g., Metzler (1945) , Arrow and Hurwicz (1958) , Quandt (1967) , Hahn (1970) , and Okuguchi (1976) ), there was one natural and, yet very important, assumption made: a change in price is proportional to the difference between the demand and the supply of the product. Fisher (1961) offered a similar adjustment assumption for the individual outputs and suggested that it might have interesting consequences for the discussion of stability.
In this paper, we build upon the ideas of classical economics in terms of dynamics by proposing a dynamic global supply chain network model which includes explicit speeds of adjustment, which are incorporated into a projected dynamical systems formalism (cf. Dupuis and Nagurney (1993) , Zhang and Nagurney (1995) , and Nagurney and Zhang (1996) ) for the first time. The dynamic global supply chain network model also captures decision-making under risk and uncertainty associated with both the supply-side as well as the demand-side. The model is accompanied by entirely new theoretical results.
In particular, in this paper, we focus on the development of a dynamic global supply chain supernetwork model with supply-side and demand-side risk that considers the interactions among three distinct tiers of decision-makers, notably, the manufacturers, the distributors, as well as the retailers, who must respond to the consumers as represented by the associated demand functions for the product. The speeds of adjustment may be distinct for each transaction that takes place. The general framework that we utilize is that of supernetworks, as introduced by to capture the trade-offs associated with decision-making on transportation versus telecommunication networks in the Information Age.
This paper is organized as follows. In Section 2, we develop the global supply chain network model in which distinct speeds of adjustment are allowed and derive its projected dynamical system formulation. The projected dynamical system describes how the product transactions evolve through time between the tiers of the "supernetwork" as well as how the prices associated with the retailers and the distributors evolve. We also establish that the set of stationary points of the projected dynamical system coincides with the set of equilibrium points (formulated as a variational inequality problem). In the same section, we provide some theoretical properties of the projected dynamical system and prove that the set of equilibria is independent of the speeds of adjustment. In Section 3, we propose an algorithm, which provides a time-discretization of the continuous time trajectories of the product transactions and prices. In Section 4, we apply the algorithm to several numerical global supply chain network examples. The numerical results support the theoretical results established in this paper. We conclude the paper with a summary and discussion in Section 5.
The Dynamic Global Supply Chain Network Model with Risk and Uncertainty
In this Section, we develop the dynamic global supply chain network model in which physical and electronic transactions are allowed and in which both supply-side and demandside risks are included. In particular, we consider (cf. Figure 1 ) a three tiered supply chain network consisting of: manufacturers, distributors, and retailers, and these are associated, respectively, with the top tier, the middle tier, and the bottom tier of nodes of the network. Both the manufacturers and the distributors are assumed to be multicriteria decision-makers and concerned not only with profit maximization but also with risk minimization. The risks that manufacturers and distributors face may include, for example, the political risk, the currency risk, or a combination thereof, etc. The bottom tier of decision-makers, namely, the retailers, in turn, are faced with the risk associated with the uncertainty in demands.
We consider a global setting, in which there are L countries, with a typical country denoted by l,l, orl (since we need to distinguish a given country by tier). There are I manufacturers in each country with a typical manufacturer i in country l denoted by il and associated with node il in the top tier of nodes in the global supply chain supernetwork (cf. Figure 1 ). There are, hence, a total of IL manufacturers in the global economy. Also, we consider J distributors in each country with a typical distributor j in countryl being denoted by jl and associated with the second tier node jl in the network. There are, thus, a total of JL distributors in the global supply chain network. A typical retailer k in countrȳ l dealing in currency h is denoted by khl and is associated with the corresponding node in the bottom tier of the network and is, referred to, henceforth, as retailer khl, with the understanding that the retailer is associated with a country and transactions in a currency.
There are a total of KHL bottom tiered nodes in the global supply chain with K denoting the number of retailers and H the number of currencies.
In order to more clearly understand the processes that drive the dynamics of the proposed system, we assume a homogeneous product economy meaning that the same product is being produced by all manufacturers, shipped to the distributors, who, in turn, distribute the product to the retailers. We allow the manufacturers to transact either physically with the distributors, or directly, in an electronic manner, with the retailers, which reflects the development and popularization of the electronic mode of doing business in today's economy. Therefore, the links connecting the top and the bottom tiers of nodes in Figure 1 represent electronic links. The retailers associated with the bottom tier of nodes of the global supply chain network may not necessarily be physical. They may represent on-line stores or other kinds of virtual retailers. The framework can also handle multiple products, but with a concommitant increase in notation.
Note that in Figure 1 , there are H distinct links between a manufacturer and a distributor pair. For example, the h-th link connecting manufacturer il with distributor jl denotes the possibility of a transaction between this pair of decision-makers in currency h. The flow on such a link, hence, is the volume of product transacted between this pair in currency h with the flow denoted by q il jhl . We group all such flows for all the manufacturers (in all the countries) and transacting with all the distributors (in all the countries) via the currencies into the column vector
. In addition, we note that there is a single link connecting each manufacturer il with each bottom tiered node in the network in Figure 1 and denote the volume of product transacted between il and retailer khl by q il khl . Such links denote transactions conducted electronically. We group all the product flows between the manufacturers and the retailers into the column vector
Finally, note that the links connecting the distributors with the retailers reflect transactions conducted in a specific currency since the bottom tiered nodes denote retailer/currency /country combinations, and the flow on such an abstract link denotes the volume of product transacted in such a fashion between the manufacturer and retailer pair. Since we allow retailers to be either physical or virtual the link between a distributor and retailer pair may correspond to a physical transaction or to an electronic transaction. We let q jl khl denote the volume of product transacted electronically between distributor jl in currency h with retailer k in countryl and group all such flows into the column vector Q 3 ∈ R JLKHL + .
We now turn to the description of the dynamic adjustment processes which govern the disequilibrium dynamics as the various global supply chain decision-makers adjust their product transactions between the tiers and the prices associated with the different tiers adjust as well. We begin with a discussion of the price dynamics and then describe the dynamics of the product transactions. 
The Structure of the Global Supply Chain Supernetwork
The Retail Price Dynamics
We begin by describing the dynamics underlying the prices of the product associated with the retailers since the demand for the product drives both the manufacture and the distribution of the product. Let ρ 3khl denote the price of the product associated with retailer khl. We assume thatd khl (ρ 3khl ) is the demand for the product at the price ρ 3khl at retailer khl, whered khl (ρ 3khl ) is a random variable with density function F khl (x, ρ 3khl ), with ρ 3khl serving as a parameter. As in Dong, Zhang, and Nagurney (2004) , we assume that the density function may vary with the retailer price. Let P khl be the probability distribution function
Using the most natural and popular among economists assumption about the forces that influence the behavior of the prices in the market economy (see, for example, Samuelson (1941) , Metzler (1945) , and Arrow and Hurwicz (1958) ), we assume that the rate of change of the price ρ 3khl , denoted byρ 3khl , is proportional to the difference between the expected demand, where the expected demand is d khl (ρ 3khl ) ≡ E(d khl (ρ 3khl )), and the total amount transacted with the retailer. Moreover, the rate of change of the price ρ 3khl has the same sign as the difference between the expected demand and the total amount transacted with the retailer. Let φ khl denote the speed of adjustment associated with the price at demand market k, currency h, and countryl. This term or factor is assumed to be positive.
Hence, we have that for each k, h,l
Note that φ khl may also be interpreted as the sensitivity of the specific demand market in the country and associated with transactions in a particular currency to the changes in the supply and/or demand of the product.
Hence, if the demand for the product at the retailer (at an instant in time) exceeds the amount available, the price of the product at that retailer will increase with the speed φ khl ; if the amount available exceeds the demand at the price, then the price at the retailer will decrease with the same speed φ khl . Furthermore, we guarantee that the prices do not become negative.
The Dynamics of the Prices at the Distributors
The prices charged for the product by various distributors must reflect supply and demand conditions, similar to the case of the retailers. We letγ jl denote the rate of change of the price of the product at distributor jl. Thus, we assume that the price for the product charged by distributor jl, associated with the node jl in the middle tier of the supply chain network, evolves over time according to:
and that such dynamics hold for all the distributors jl. Here, the term φ jl is the speed of adjustment of the price for the product at distributor jl. This term is also assumed to be positive for all jlss.
In other words, if the amount of the product desired to be transacted by the retailers (at an instant in time) exceeds that available at the distributor, then the price charged at the distributor will increase with the speed φ jl ; if the amount available is greater than that desired by the retailer, then the price charged by the distributor will decrease with the same speed φ jl . As in the case of the retail prices, we guarantee that the prices charged by the distributors remain nonnegative through the above projection operation.
Precursors to the Dynamics of the Product Transactions
Before we describe the dynamics of the product transactions, it is necessary to describe the behavior of the first tier of decision-makers, that is, the manufacturers, and also to introduce some additional notation. Let q il denote the production output of manufacturer il, which is a nonnegative quantity. We group the production outputs of all manufacturers into the column vector q ∈ R IL + and assume that each manufacturer il has a production cost function f il , which can depend, in general, on the entire vector of production outputs, that is,
Therefore, the production cost of a particular manufacturer can depend not only on his production output but also on the production outputs of the other manufacturers. This allows one to model competition.
Let c il jhl denote the transaction cost (which we assume includes the cost of transportation and other expenses) that manufacturer il is faced with in transacting with distributor jl in currency h. Let c il khl , in turn, denote the transaction cost (which also includes the cost of transportation and other expenses) that manufacturer il is faced with transacting directly with retailer k in currency h and countryl. These transaction costs may depend upon the volume of transactions between each such pair in a particular currency, and their form depends on the type of transaction. They are given, respectively, by:
and c
The following conservation of flow equation must hold:
Thus, according to (5) the amount of the product produced by a manufacturer is equal to the amount transacted with the distributors and with the retailers in the various currencies.
Note that one can express the production cost function of manufacturer il (cf. (3)) as a function of the vectors Q 1 and Q 2 : f il (Q 1 , Q 2 ) and we use this notation, henceforth.
It is assumed that each manufacturer seeks to maximize his profits which is the difference between his revenue and the total costs incurred. The revenue is equal to the product of the price and the total quantity transacted with all the distributors and with all the retailers. Since we allow the transactions to take place in different currencies, the prices of the product in different currencies associated with transactions with different tiers of decision-makers may be distinct. Let ρ il 1jhl denote the price associated with the product transacted between manufacturer il and distributor jl in currency h, and let ρ il 1khl denote the price of the product associated with a transaction between manufacturer il and retailer k in currency h and countryl.
Another assumption to be noted is that all the cost functions are given in the base currency. Considering the fact that the prices are in different currencies and costs are all in the base currency, we need to introduce a device that will bring all the measures to one common denomination. Hence, we introduce the currency exchange rate e h , which is the exchange rate of currency h relative to the base currency. The exchange rates are exogenous and fixed in the model whereas all the other prices are endogenous. Given the above, the total revenue of manufacturer il can be expressed as:
Consequently, using the conservation of flow equation (5), the production cost functions (3), and the transaction cost functions (4a) and (4b), one can express the profit maximization criterion for manufacturer il as:
subject to: q il jhl ≥ 0, for all j, h,l and q il khl ≥ 0, for all k, h,l.
In addition to the criterion of profit maximization, we also assume that each manufacturer is concerned with risk minimization. Here, for the sake of generality, we assume, as given, a risk function r il , for manufacturer i in country l, which is assumed to be continuous and convex and a function of not only the product transactions associated with the particular manufacturer but also of those of other manufacturers. Hence, we assume that
Note that according to (7), the risk as perceived by a manufacturer is dependent not only upon his product transactions but also on those of other manufacturers. Hence, the second criterion of manufacturer il can be expressed as:
subject to: q il jhl ≥ 0, for all j, h,l and q il khl ≥ 0, for all k, h,l. The risk function may be distinct for each manufacturer/country combination and can assume whatever form is necessary.
Multicriteria Decision-Making Behavior of the Manufacturers
Each manufacturer il considers the risk minimization criterion to be of a certain level of importance, but this level is not necessarily the same for all manufacturers. In order to emphasize this fact, we associate a nonnegative weight α il with the risk minimization criterion (8), with the weight associated with the profit maximization criterion (6) serving as the numeraire and being set equal to 1. Thus, we can construct a value function for each manufacturer (cf. Fishburn (1970) , Chankong and Haimes (1983) , Yu (1985) , Keeney and Raiffa (1993) ) using a constant additive weight value function. Consequently, letting U il denote the multicriteria objective function faced by manufacturer il, the decision-making problem for manufacturer il, for i = 1, . . . , I; l = 1, . . . , L, can be transformed into:
subject to: q il jhl ≥ 0, for all j, h,l and q
It is assumed that the production cost functions and the transaction cost functions for each manufacturer are continuous and convex. It is also assumed that the manufacturers compete according to Nash's concept of noncooperative behavior (cf. Nash (1950 Nash ( , 1951 ), which states, in this context, that each manufacturer will determine his optimal production quantity and transactions, given the optimal ones of his competitors. We ignore, for the time being, the nonnegativity constraints on the transaction variables. Let the gradient of manufacturer il's multicriteria objective function U il with respect to theq il variables be denoted by:
, . . . ,
). Note that this gradient represents manufacturer il's idealized direction with respect toq il , with the jhl-component of ∇qilU il given by:
Similarly, ∇qilU il = (
) represents manufacturer il's idealized direction with respect toq il , with the khl-component of ∇qilU il being given by:
Later, we include the nonnegativity assumption on the product transactions, when we construct the projected dynamical system that captures the dynamics of all the product transactions and prices.
Multicriteria Decision-Making Behavior of the Distributors
The distributors are involved in transactions with both the manufacturers (since they need to obtain the product for distribution) and with the retailers, who sell the product to the consumers. As was mentioned earlier, since we are dealing with a global supply chain, the distributors, similar to the manufacturers, are allowed to transact in any of the H available currencies.
A distributor jl is faced with certain expenses, which may include, for example, the loading/unloading costs, the storage costs, etc., associated with handling the product. We refer collectively to such costs as a handling cost and denote it by c jl . In a simple situation, one might have that
that is, the handling cost of a distributor is a function of how much of the product he has obtained and how much of the product he has transacted with the various retailers. However, for the sake of generality, and to enhance the modeling of competition, we allow the function to depend also on the amount of the product acquired and transacted by other distributors. Hence, we assume that, for all jl:
denote the price in currency h associated with the transaction between distributor jl and retailer khl. The total amount of revenue the distributor obtains from his transactions is equal to the sum of the price (transformed into the base currency) and the amount of the product transacted with the various retailers in the distinct countries and currencies. Indeed, since transactions can be made in distinct currencies and with different retailers, who, in fact, may even be virtual, the total revenue of distributor jl can be expressed in the base currency as follows:
The profit maximization problem for distributor jl can be expressed as:
and the nonnegativity assumptions: q il jhl ≥ 0, for all i, l and q
Constraint (15) states that a distributor in a country cannot transact more of the product than he has obtained from the various manufacturers.
In addition, distributor jl is faced with his own perception of risk associated with obtaining and shipping the product, which we assume is incorporated into a continuous risk function of a general form given by:
Note that we allow the risk function of a particular distributor to depend on the transactions to and from all the distributors in the supply chain network economy.
We assume also that each distributor associates a weight of 1 with the profit criterion (14) and a weight of β jl with his risk level. Therefore, the multicriteria decision-making problem for distributor jl; j = 1, . . . , J;l = 1, . . . , L, faced now with a multicriteria objective function denoted by U jl can be transformed directly into the optimization problem:
subject to: 
whereas
) represents distributor jl's idealized direction in terms of the q jl variables, with component khl given by:
However, manufacturer il and distributor jl must agree on the volume of q il jhl in order for the transaction to actually take place in currency h. Therefore, direction (10) of manufacturer il must coincide with direction (19) of distributor jl transacting in currency h, yielding, after algebraic simplification, a combined direction, which signifies cooperation, given by:
Moreover, (21) must hold for all i, l and j,l, h for the supply chain to allow for links between the top two tiers of nodes.
We note that such cooperation needs to occur not only in supply chains but in other multitiered networks such as financial networks with intermediation (cf. Nagurney and Ke (2003) and ).
Optimizing Behavior of the Retailers with Uncertain Demands
The retailers, in turn, are faced with the decision of how much product to acquire from the distributors and from the manufacturers (via the Internet) in order to satisfy the random demand while still seeking to maximize profits. A retailer khl has his own handling cost, which may include, for example, various expenses related to the display and storage of the product. We denote this cost by c khl and, in the simplest case, we would have that c khl (s khl ), where
, that is, the holding cost of a retailer is a function of how much of the product he has obtained from transactions with the various manufacturers and the various distributors. However, in general, this cost may be affected by the amounts of the product held by other retailers. Therefore, we write:
Recall that ρ 3khl denotes the price of the product associated with retailer khl. Also recall thatd khl (ρ 3khl ) is the demand for the product at the price ρ 3khl at retailer khl, wherê d khl (ρ 3khl ) is a random variable with a density function of F khl (x, ρ 3khl ).
Since the demand is random and a retailer does not know how much he will sell beforehand, the actual sale of the product at retailer khl cannot exceed min{s khl ,d khl }. Let
and ∆
where ∆ + khl is a random variable representing the excess supply (inventory), whereas ∆ − khl is a random variable representing the excess demand (shortage).
Note that the expected values of excess supply and excess demand of retailer khl are scalar functions of s khl and ρ 3khl . In particular, let π 
and π
Assume now that retailer khl is faced with certain penalties for having an excess or shortage in regards to the supply. Let λ + khl ≥ 0 denote the inventory carrying cost at retail outlet khl, and let λ − khl ≥ 0 denote the unit penalty of having excess demand at outlet khl.
Then the expected total penalty of retailer khl can be expressed as:
Assuming also profit-maximizing behavior of the retailers, one can state the following optimization problem for retailer khl: 
where
At this point it is necessary to note the following relationships:
Similar to the case of the manufacturers, it is assumed that all the functions in (28) Note that in order for the transaction between distributor jl and retailer khl to take place, they must agree in terms of the q jl khl . Therefore, directions (20) and (31) must coincide, with the summation of the two yielding a combined direction given by, after algebraic simplification:
Similarly, for the transaction between a retailer khl and a manufacturer il to take place, both must agree on the q il khl . Therefore, directions (32) and (11) must coincide as well, with the summation of the two yielding also a combined direction, which, after algebraic simplifications, reduces to:
We are now ready to express the dynamics of the transactions between the tiers of decision-makers in the supply chain supernetwork. Moreover, we now explicitly include the nonnegativity constraints associated with the product transactions and note that (18) has actually been subsumed within the distributor price dynamics given by (2). We then provide a unified expression in the form of a projected dynamical system for the dynamic evolution of all the product transactions and the product prices simultaneously.
The adjustment assumptions to be introduced were suggested by a number of prominent economists (see, for example, Fisher (1961) ) and are based on the following reasoning. The rate of change in the amount of good produced/transacted by a particular decision-maker is proportional to his marginal profit and has the same sign. In other words, a typical decisionmaker will try to increase his output for as long as the marginal profit is nonnegative, and will try to decrease his output for as long as the marginal profit is negative until the output is zero (that is, hits the boundary for the variable). As was stated earlier, for any transaction to take place, the decision-makers involved have to agree on the amount to be transacted. Thus, the marginal profit of the transaction is represented by the combined direction. Therefore, we can expect that the rate of change in the amount of product transacted between two particular decision-makers is proportional to their combined optimal direction.
The Dynamics of the Product Transactions between Manufacturers and Distributors
The rate of change in the amount of product q il jhl , transacted between manufacturer il and distributor jl, and denoted byq il jhl , is proportional to the combined direction (21) with the coefficient of proportionality φ il jhl > 0 ∀i, l, j, h,l. Guaranteeing now that the product transactions do not assume negative quantities, we get the following dynamics for the transactions between each manufacturer il and every distributor jl transacting in currency h, for all h:
Here φ il jhl denotes the (positive) speed of adjustment associated with the particular transaction.
The expression above states that whenever there is a positive difference between the shadow price of the distributor and the aggregated marginal costs and risks associated with a transaction, the amount of "flow" on that particular link will increase with the speed φ il jhl . Otherwise, the amount of flow will either decrease with the same speed or remain the same.
The Dynamics of the Product Transactions between Manufacturers and Retailers
In a similar manner, we can derive the dynamics associated with the transactions between the manufacturers and the retailers. Recall that such transactions take place on the Internet, and that the combined direction of a transaction between manufacturer il and retailer khl is given by expression (34). Indeed, we may immediately write, requiring now that these transactions must also yield nonnegative values, that for all manufacturers il and all retailers khl, withq il khl denoting the rate of change of the transactions between manufacturer il and retailer khl:
Here, similar to (34), the term φ il khl for all i, l, k, h,l, which is assumed to be positive, is a speed of adjustment.
Hence, (36) expresses that the volume of transactions between a manufacturer and retailer pair will increase if the, what may be termed, generalized price associated with the product in that currency at the retailer exceeds the various marginal costs and risks (with the probabilities associated with excess supply and demand incorporated into the computations).
The Dynamics of the Product Transactions between Distributors and Retailers
The combined direction associated with a transaction between a distributor and retailer pair, in turn, is given by expression (33) but now we guarantee that the evolution of the product transactions is proportional to (33) with the rate of proportionality (speed of adjustment) φ jl khl > 0, ∀j,l, k, h,l and cannot yield negative values. Hence, lettingq jl khl denote the rate of change of the transaction between distributor jl and retailer khl, we obtain the following dynamics, which hold for all distributors and all retailers:
The volume of the product transacted between a distributor/retailer pair increases if the sum of the price that the consumers, in effect, are willing to pay at the retailer exceeds the various marginal costs, marginal risk associated with the distributor and the price charged at the distributor. If the latter sum exceeds the former price, then the volume of transaction will decrease.
The Projected Dynamical System
Consider now a dynamical system in which the retailer prices evolve according to (1) for all retailers khl; the prices at the distributors evolve according to (2) for all distributors jl; the product transactions between the distributors and the retailers evolve according to (37), the product transactions between manufacturers and distributors evolve according to (35) , and the product transactions between manufacturers and retailers evolve according to (36).
Let now X denote the aggregate column vector (Q 1 , Q 2 , Q 3 , γ, ρ 3 ) in the feasible set
. Define the column vector given by (34), ∀j,l, k, h,l;
Then the dynamic model described by (35), (36), (37), and (1), (2), for all i, l, j,l, k, h,l, can be rewritten as a projected dynamical system (PDS) (see Nagurney and Zhang (1996)) defined by the following initial value problem:
where Π K is the projection operator of −F (X) onto K at X and X 0 = (Q 10 , Q 20 , Q 30 , γ 0 , ρ 0 3 ) is the initial point corresponding to the initial product transaction and price pattern. Note that since the feasible set K is simply the nonnegative orthant the projection operation takes on a very simple form as revealed through (35), (36), (37), and (2), (1).
The trajectory of (38) describes the dynamic evolution of the product transactions between tiers of decision-makers in the supply chain supernetwork as well as the prices associated with the bottom two tiers of the network. The dynamical system (38) is non-classical since it has a discontinuous right-hand side due to the projection operation. Such dynamical systems were introduced by Dupuis and Nagurney (1993) and have been used to study a plethora of dynamic models in economics, finance, and transportation (see Nagurney and Zhang (1996) ). In addition, the projected dynamical systems methodology has been used to-date to formulate dynamical supply chain network models, with and without electronic commerce (cf. and the refereneces therein).
A Stationary/Equilibrium Point
We now discuss the stationary point of the projected dynamical system (38). Recall that a stationary point of a dynamical system is that point whereẊ = 0 and, hence, in the context of our model, when there is no change in the product transactions in the supply chain supernetwork and no change in the prices.
The following result is immediate from the results in Dupuis and Nagurney (1993) .
Theorem 1: Set of Stationary Points Coincides with the Set of Solutions of a Variational Inequality Problem
Since the feasible set K is a convex polyhedron, the set of stationary points of the projected dynamical system given by (38) , that is, X * such that 0 = Π K (X * , −F (X * )), coincides with the set of solutions to the variational inequality problem given by: determine
where F (X) and X are as defined above and ·, · denotes the inner product in N -dimensional 
We now explore what can be said regarding the set of stationary points of the projected dynamical system (38), which coincides with the set of solutions to variational inequality (39), and the set of stationary points associated with a projected dynamical system in which all of the speeds of adjustment are equal to one (and the equivalent equilibria). First, we need to introduce some notation. We express the components of F (X) above, for simplicity, as F 1 , . . . , F N and recall that the feasible set is the nonnegative orthant. We also denote the corresponding variational inequality by VI(F, K).
Theorem 2
Assume that K is the convex polyhedron given by R N + and that φ ≡ (φ 1 , . . . , φ N ) is a vector of positive terms. Then, the set of stationary points of the ordinary differential equation given in (38) , which coincides with the set of solutions X * to variational inequality (39) , are equivalent to the set of solutions to the variational inequality VI(F , K) where:
and
Proof: From Theorem 1 we know that the set of stationary points of the ODE (38) coincides with the set of solutions to VI(F, K). We now prove that the solutions to VI(F, K) coincide with the solutions to VI(F , K).
We first prove that if
is a solution to VI(F, K), then the following must hold, by definition:
Setting now X 2 = X * 2 , . . . , X N = X * N and substituting the resultants into (41), yields:
and for any scalar φ 1 > 0.
In a similar manner, we may set X 1 = X * 1 , X 3 = X * 3 , . . . , X N = X * N with substitution into (41) yielding:
and for any scalar φ 2 > 0.
Proceeding in the same fashion with all the remaining X i variables, we obtain:
Summation of all the inequalities in (44) yields:
Hence, we have shown that X * is also a solution to VI(F , K).
We now establish the converse, that is, if X solves VI(F , K), it also solves VI(F, K). Let X be a solution to VI(F , K). Then the following must hold:
Setting now: X 2 = X 2 , . . . , X N = X N (all the variables except for the first) and substituting the resultants into (46), we obtain: (47) and for any scalar φ 1 > 0.
In a similar manner, we set: X 1 = X 1 , X 3 = X 3 , . . . , X N = X N with substitution into (46) yielding: (48) and for any scalar φ 2 > 0.
Proceeding in the same manner with all the remaining variables, we conclude that
which leads us to conclude that
Therefore, X solves VI(F, K).
Hence, we have established that the set of stationary points of:
that is, X * satisfying:
coincides with the set of solutions of VI(F , K).2
This theoretical result can be summarized as follows. The set of equilibria of the global supply chain network are independent of the speeds of adjustment. Hence, if one is interested merely in the computation of the equilibrium product flow and price patterns one may compute the solution to either variational inequality problem (45) or to variational inequality problem (50). However, if one is interested in tracking the trajectories to the equilibrium state then one should include the speeds of adjustment. We also note that the factors which we term "speeds of adjustment" can also capture conversion factors, if need be.
To conclude this Section, we present several properties of the PDS defined by the initial value problem (38) that follow from the theory of projected dynamical systems.
Theorem 3: Existence and Uniqueness

Assume that function F that enters the initial value problem (38) is Lipschitz continuous.
Then, for any X 0 ∈ K, there exists a unique solution X 0 (t) to the initial value problem (38).
Proof: Follows from Theorem 2.5 in Nagurney and Zhang (1996) .2
Definition 2: Stability of the System
The system defined by (38) is stable if, for every X 0 and every equilibrium point X * , the Euclidean distance X * − X 0 (t) is a monotone nonincreasing function of time t.
Using Definition 2, a global stability result for the dynamical system (38) can be stated as follows:
Theorem 4: Stability of the Global Supply Chain Network
Assume that function F that enters the initial value problem (38) is monotone. Then the dynamical system (38) underlying the global supply chain with risk and uncertainty is stable.
Proof: F (X) is monotone and, hence, the conclusion follows directly from Theorem 4.1 of Zhang and Nagurney (1995) . 2
The Euler Method
In this Section, we consider the computation of the stationary points of (38). The algorithm that we propose is the Euler-type method, which is induced by the general iterative scheme of Dupuis and Nagurney (1993) . It has been applied to-date to solve a plethora of dynamic network models (see, e.g., Nagurney and Zhang (1996) and ).
Step 0: Initialization
Let T denote an iteration counter and set T = 1. Set the sequence {α T } so that
Step 1: Computation
) ∈ K by solving the variational inequality subproblem:
Step 2: Convergence Verification
If |X T −X T −1 | ≤ , with > 0, a pre-specified tolerance, then stop; otherwise, set T := T +1, and go to Step 1.
Convergence results for the Euler method can be found in Dupuis and Nagurney (1993) and in the book by Nagurney and Zhang (1996) .
Due to the fact that the feasible set underlying the global supply chain network model is that of the nonnegative orthant, the solution of (40) for our model takes on a very simple form for computational purposes.
Computation of Product Transactions between Tiers Using Explicit Formulae
In particular, we have that the production transactions between tiers of decision-makers in the global supply chain supernetwork can be computed explicitly and in closed form as follows for a given iteration T :
Computation of Product Prices Using Explicit Formulae
Similarly, the prices associated with the middle-tier and bottom tier of nodes of the global supply chain supernetwork can also be computed explicitly and in closed form, at a given iteration T according to:
Moreover, the above computations can be done simultaneously and independently. The
Euler method, hence, provides us with a discrete-time adjustment process by which the network decision-makers adjust their product transactions and the prices associated with the middle and bottom tiers of the network also adjust. 3  3  3  3  3  3  3  3  3  3 
Numerical Examples
In this Section, we apply the Euler method described in Section 3 to several numerical examples. The Euler method was coded in FORTRAN and the computer used was a SUN system at the University of Massachusetts at Amherst. The convergence criterion utilized was that the absolute value of the product transactions and prices between two successive iterations differed by no more than 10 −5 . The parameter α T in the Euler method (cf. (52)) was set to .1{1, The structure of the global supply chain network for the examples is given in Figure  2 . Specifically, we assumed that there were two countries, with two manufacturers in each country, and two distributors in each country. In addition, we assumed a single currency (for example, the euro) and two retailers in each country. Note that electronic transactions were permitted between the manufacturers and the retailers. Hence, we had that I = 2, L = 2, J = 2, K = 2, and H = 1.
In all the examples, we assumed that the demands associated with the retail outlets followed a uniform distribution. In particular, we assumed that the random demandd khl (ρ 3khl ), of retailer khl, is uniformly distributed in 0,
, with b khl > 0; k = 1, 2; h = 1, and l = 1, 2. Therefore, we have that
It is straightforward to verify that the expected demand function d khl (ρ 3khl ) associated with retailer khl is a decreasing function of the price at the demand market in the particular country. Since there was only one currency in each of the examples, we set e h = e 1 = 1.
The Euler method was initialized as follows: all variables were set equal to zero, except for the initial retail prices ρ 3khl , which were set to 1 for all k, h,l.
Example 1 and Variants
The data for this example were constructed for easy interpretation purposes. The production cost functions of the manufacturers in the two countries (cf. (3)) were given, respectively, by: f 11 (q) = 2. The transaction costs faced by the manufacturers and associated with transacting with the distributors (cf. (4a)) were given by:
, for i = 1, 2; l = 1, 2; j = 1, 2; h = 1;l = 1, 2.
The transaction costs faced by the manufacturers but associated with transacting with the retailers electronically (cf. (4b)) were given by:
khl , for i = 1, 2; l = 1, 2; k = 1, 2; h = 1;l = 1, 2.
The handling costs of the distributors in the two countries, in turn, (cf.(12b) , were given by:
The handling costs of the retailers (cf. (22)) were:
The b khl s (cf. (58) - (60)) were set to 100 for all k, h,l. The weights associated with excess supply and with excess demand at the retailers were (see following (26)): λ
= 1 for k = 1, 2; h = 1, andl = 1, 2. Thus, we assigned equal weights for each retailer in each country for excess supply and excess demand.
In Example 1, we set all the weights associated with risk minimization to zero, that is, we had that α il = 0 for i = 1, 2 and l = 1, 2 and β jl = 0 for j = 1, 2 andl = 1, 2. This means that in the first example all the manufacturers and all the distributors were concerned with profit maximization exclusively.
We also assumed that all the speed adjustment parameters were identically equal to 1.
The Euler converged in 125, 252 iterations and yielded the following equilibrium pattern.
All physical transactions were equal to .186, that is, we had that q il * jhl = q jl * khl = .186 for all i, l, j, h,l, and k,l. All product transactions conducted electronically via the Internet, in turn, were equal to .175, that is, we had that q il * khl = .175 for all i, l, k, h,l. Note that there was a larger volume of product transacted physically than electronically in this example.
The computed equilibrium prices, in turn, were as follows. The equilibrium prices at the distributors were: γ * jl = 15.097 for j = 1, 2 andl = 1, 2, whereas the demand market equilibrium prices were: ρ * 3khl = 32.88 for k = 1, 2, h = 1, andl = 1, 2. Note that, as expected, the demand market prices exceed the prices for the product at the distributor level. This is due to the fact that the prices increase as the product propagates down through the supply chain since costs accumulate.
We now made the following change to the data in order to explore the effects of different speeds of adjustment: we increased the speeds of adjustment associated with the demand market prices so that the φ khl s were now all equal to 10. The Euler method converged to essentially the identical equilibrium product flow and price pattern except that now the Euler method only required 34, 270 iterations.
We then conducted another numerical exercise. We returned to the original data for Example but now we assumed that all the speeds of adjustment increased to 5. Again, as predicted by Theorem 2, the equilibrium pattern does not change. However, the Euler method now required only 27, 265 iterations for convergence.
Example 2 and Variants
Example 2 was constructed from Example 1 as follows. All the data were as in the baseline Example 1 except that now we set the b khl s =1000. This means (cf. (58) - (60)) that, in effect, the demand has increased for the product at all retailers in all countries.
The Euler method converged, again in 125, 252 iterations, and yielded the following new equilibrium pattern: the product transactions between the manufacturers and the distributors were: q il * jhl = .286 for all i, l, j, h,l; whereas the volumes of the product transacted electronically between the manufacturers and the retailers were: q il * khl = 1.07 for all i, l and k, h,l. Hence, the volumes of electronic transactions exceeded the physical ones. Finally, the computed equilibrium product transactions between the distributors and the retailers were: q jl * khl = .286 for all j,l and k, h,l.
The computed equilibrium prices associated with the distributors, in turn, were: γ * jl = 39.46 for j = 1, 2 andl = 1, 2, whereas the equilibrium demand market prices were: ρ * 3khl = 90.31 for k = 1, 2; h = 1, andl = 1, 2.
Note that since the demand increased, the product transactions also increased. In this example, there were more transactions conducted electronically than physically. Also, observe that since demand increased, the demand prices also increased as did the prices at the distributors.
We then modified Example 2 as follows. We increased the speeds of adjustment associated with the demand market prices so that the φ khl s were now all equal to 10. Again, as predicted by the theory, the equilibrium pattern was essentially the same. However, the number of iterations required for convergence decreased to 40, 258.
Finally, we constructed another example using Example 2 as a baseline as follows. We now increased all the speeds of adjustment to 5. The number of iterations now decreased to 17, 030. Note that these results do follow intuition in that one would expect the speeds of adjustment to affect the behavior of the system, and, therefore, the number of iterations.
Example 3 and Variants
Example 3 was constructed from baseline Example 2 as follows. We kept the data as in Example 2 but we assumed now that the first manufacturer in the first country was a multicriteria decision-maker and concerned with risk minimization with his risk function being given by:
that is, the manufacturer sought to achieve, in a sense, a certain goal target associated with his electronic transactions. The weight associated with his risk measure was α 11 = 1.
The Euler method yielded the following new equilibrium pattern (and again in 125, 252 iterations). The computed equilibrium product transactions between the first manufacturer in the first country and the distributors were now: q 11 * jhl = .700, for j = 1, 2, h = 1, andl = 1, 2. The analogous transactions, but from the second manufacturer in the first country were; q 21 * jhl = .185. All other product transactions between the manufacturers and the distributors were equal to .182.
The equilibrium product transactions associated with electronic transactions were as follows. For the first manufacturer in the first country (who is now concerned with risk associated with electronic transactions) the product transactions were: q 11 * khl = .632, for k = 1, 2, h = 1,l = 1, 2. The analogous transactions but from the second manufacturer in the first country, were all 1.185, with the remainder of the electronic transactions at equilibrium also equal to 1.182. Hence, the first manufacturer in the first country reduced the volume of his transactions conducted electronically since there was increased risk associated with such transactions.
The product transactions at equilibrium between the distributors and the retailers, in turn, were: q jl * khl = .314, for j = 1, 2, k = 1, 2, h = 1, andl = 1, 2.
The equilibrium prices were now: γ * jl = 39.50 for j = 1, 2;l = 1, 2 whereas ρ * 3khl = 90.53 for k = 1, 2; h = 1, andl = 1, 2.
We then proceeded to construct the following variant of Example 3: we doubled all the adjustment parameters associated with the product transactions. Interestingly, the number of iterations did not change and this may be that the global supply chain network model is more sensitive to the consumers associated with the demand markets and the prices that they are will to pay for the product (which seems quite reasonable).
Finally, we doubled all the speeds of adjustment and the number of iterations now decreased to 59, 628.
Note that, interestingly, the number of iterations required for convergence of the Euler method was identical for the baseline Examples 1, 2, and 3. When we relaxed the convergence tolerance from 10 −5 to 10 −4 the corresponding number of iterations for these three examples were now reduced from 125, 252 iterations to, respectively: 33, 672; 51,901, and 52, 274 iterations. Although the computed product flows did not change much, the computed demand market prices were, under the more relaxed convergence criterion, respectively, for Example 1, Example 2, and Example 3: 29.404; 86.822, and 87.036 (for all the demand markets in each case). Hence, the algorithm is sensitive to the form of the demand functions in the numerical examples above. Nevertheless, convergence was obtained.
Clearly, the above examples are stylized but they, nevertheless, demonstrate the efficacy of the model and the computational procedure. One may now conduct numerous simulations by modifying the data as well as adding decision-makers with their associated functions and weights and investigating the effects on the equilibrium product transactions and product prices.
Moreover, it would be interesting to conduct additional computational experiments.
Summary and Conclusions
In this paper, we have developed a dynamic, multitiered global supply chain supernetwork model consisting of manufacturers, distributors, and retailers and analyzed it both from theoretical and computational perspectives. The model allows for electronic commerce and handles decision-making under risk and uncertainty. Specifically, the manufacturers as well as the distributors are assumed to be multicriteria decision-makers and concerned not only with profit maximization but also with risk minimization. The demands for the product, in turn, are random. In addition, the model includes distinct speeds of adjustment.
The framework permits for the handling of as many countries, as many manufacturers in each country, as many currencies in which the product can be obtained, and as many retailers, as required by the specific application. Moreover, the generality of the framework allows for the demand to have almost any distribution as long as it satisfies certain technical conditions. In addition, the retailers need not be country-specific and can transact either virtually or physically with both the manufacturers and the consumers.
The dynamic model, which is formulated as a projected dynamical system, provides the evolution of the product transactions between tiers of the global supply chain network as well as the prices associated with the product at the retailer and at the distributor levels. The model substantially generalizes the recent work of Nagurney, Cruz, and Matsypura (2003) to include supply-side risk and demand-side risk.Finally, the new theoretical results show that the speeds of adjustment do not alter the set of stationary points of the dynamical model nor the equilibria of the corresponding variational inequality formulation.
